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I. INTRODUCTION
method for systems with three kinds of identical particles interacting via all combinations of two-and three-body forces is derived, and the resulting equations-of-motion are briefly discussed. All four possible mixtures (Fermi-Fermi-Fermi, Bose-Fermi-Fermi, Bose-BoseFermi and Bose-Bose-Bose) are presented in a unified manner. Particular attention is paid to representing the coefficients' part of the equations-of-motion in a compact recursive form in terms of one-body density operators only. The recursion utilizes the recently proposed Combinadic-based mapping [60] which has already been successfully applied and implemented within MCTDHB [62] . Our work sheds new light on the representation of the coefficients' part in MCTDHF and MCTDHB without resorting to the matrix elements of the many-body Hamiltonian with respect to the time-dependent configurations, and suggests a recipe for efficient implementation of the theory derived here for mixtures which is suitable for parallelization.
The structure of the paper is as follows. In Sec. II we present the building bricks of the theory by reconstructing MCTDHF and MCTDHB. In Sec. III we assemble from these ingredients the multiconfigurational time-dependent Hartree method for mixtures of three kinds of identical particles interacting via up to three-body forces. A brief summary and outlook are given in Sec. IV. Finally, we collect in Appendixes A-C for completeness and ease of presentation of the main text various quantities appearing and needed in the derivation.
The paper and the Appendixes are detailed and intended also to serve as a guide for the implementation of the equations-of-motion. The reconstruction of MCTDHF and MCTDHB is given in sufficient detail. This allows us to defer to the Appendixes much of the lengthly formulas used later on for the mixtures.
II. BUILDING BRICKS: RECONSTRUCTING MCTDHF AND MCTDHB

A. From basic ingredients to mapping
Our starting point is the many-body Hamiltonian of N A interacting identical particles of We use the time-independent field operator expanded by time-dependent orbitals:
where the annihilation and creation operators obey the usual fermionic/bosonic anti/commutation relations,â q (t)â † k (t)±â † k (t)â q (t) = δ kq . Correspondingly, the field operator obeys the anti/commutation relations,
Here and hereafter the upper sign refers to fermions and the lower to bosons. The coordinate x ≡ {r, σ} stands for spatial degrees of freedom and spin, if present. Thus, the shorthand notations δ(x − x ′ ) = δ(r − r ′ )δ σ,σ ′ and dx ≡ dr σ are implied throughout this work. Furthermore, we do not denote explicitly the dependence of quantities on time when unambiguous.
Plugging the expansion (2) into the many-body Hamiltonian (1) one gets: 
where the matrix elements with respect to the orbitals {φ k (x, t)} are given by:
In (3), we introduce the one-body density operatorŝ
as well as the two-and three-body density operatorŝ 
The reason for this choice of notation with density operators in (3) will become clear below.
We see that the two-body density operators ρ (A) kslq can be written as products of the onebody density operators, and that the three-body density operators ρ
can be written as products of the two-and one-body density operators, and so on, recursively. Hence, the one-body density operators ρ (A) kq in (5) are our basic building bricks.
The many-body wave-function is expanded by time-dependent configurations (determinants |i; t for fermions, permanents |n; t for bosons) assembled by distributing the N A particles over the M A time-dependent orbitals introduced in the expansion (2) . For fermions we write [60] :
where the address J A is defined as follows:
whereas for bosons we write [60] :
The notation used in (7-10) follows the Combinadic-based addressing scheme of configurations introduced in [60] . For fermions we enumerate configurations by holes, i =
, whereas for bosons we enumerate configurations by particles, n = (n 1 , . . . , n k , . . . , n q , . . . , n M A ) and n kq = (n 1 , . . . , n k − 1, . . . , n q + 1, . . . , n M A ). The index J A is termed "address" because it is an integer uniquely identifying a configuration which is described by the positions of the holes i (for fermions) or the occupation numbers n (for bosons). For more details of the Combinadic-based mapping and particularly the connection between the bosonic occupation numbers and the positions of the fermionic holes see [60] .
For our requirements, we will need the result of the operation of the basic building bricks onto the state vector, namely, the operation of the one-body density operators ρ
. Thus we have:
For fermions we have the following relations [60] :
where the distance between the i j -th hole of i at orbital q and the i l -th hole of i kq at orbital k is given by d(i kq ) = |k −q| −|j −l| −1 [equivalently, d(i kq ) = p∈(k,q) n p simply enumerates how many fermions are there between the k-th and q-th orbitals]. For bosons we have the following relations [60] :
which concludes our exposition of the Combinadic-based mapping and assembly of the operations of the basic building bricks ρ higher-body operators. In particular we find:
The meaning of the two levels of density operators in the superscripts of the coefficients
(t), resulting from higher-body operators in (14) , is that the lower-level density operator is multiplied on the many-body wave-function first, and the upper-level density operator is multiplied thereafter on the result.
The key ingredient in the utilization of the Lagrangian formulation [32, 69, 70] of the (Dirac-Frenkel [71, 72] ) time-dependent variational principle to derive the equations-ofmotion is the evaluation of matrix elements with respect to the multiconfigurational wavefunction Ψ (A) (t) . This will be utilized in the next subsection II B. For the moment, we would like to prescribe how such matrix elements with respect to Ψ (A) (t) are to be evaluated.
Consider the operatorÔ (A) , which can be a one-body operator, two-body operator, threebody operator, etc. Then, we express and compute the expectation value ofÔ (A) with respect to Ψ (A) (t) as follows [60] :
In particular, for a one-body operator,
kq , we get:
for a two-body operator,
kslq , we get from (14) :
and for a three-body operator,
ksprlq , we get from (14) :
Finally and generally, the result of a sum of (operations of) operators, e.g.,Ô
2 , on Ψ (A) (t) translates to the sum of the respective coefficients [60] :
These compact relations resting on one-body density operators only [the two-body density operators in (19) are assembled from one-body density operators according to (5, 6) ] will be used to reformulate MCTDHF and MCTDHB in a recursive manner in the following subsection II B.
B. Equations-of-motion utilizing one-body density operators and Combinadicbased mapping
We can derive (reconstruct) the MCTDHF and MCTDHB equations-of-motion, taking into account a-priori that matrix elements of the form of (15) 
where the time-dependent Lagrange multipliers µ which is precisely what is needed in order to exploit the Combinadic-based mapping [60] a-priori in the derivation of the equations-of-motion. The (here redundant) time-dependent Lagrange multiplier ε (A) (t) ensures normalization of the expansion coefficients at all times, and would resurface in the static theory in the case of the imaginary-time-propagation formulation.
To perform the variation of the action functional with respect to the coefficients, we express the expectation value 
Representation (22) makes it clear what the variation with respect to the coefficients C * J A (t) would lead to. When this variation is performed explicitly, one immediately finds:
The meaning of i ∂ ∂t (A) is that the time-derivative is a one-body operator in the A-species Fock (and orbital) space. According to the rules of the previous subsection II A, the left-hand-side of Eq. (23) is given by the sum of its one-, two-and three-body constituents:
The invariance of Ψ (A) (t) to unitary transformations of the orbitals, compensated by the 'reverse' transformations of the orbitals is well-known [7, 8, 32] and can be represented as follows:
with obvious notation. This invariance can be utilized to bring the equations-of-motion into a simpler form (see, in particular, the discussion below on the orbitals' part). Primarily, the differential conditions first introduced by the MCTDH founders [7, 8] :
come out explicitly from such a unitary transformation [32, 59] and straightforwardly lead in the case of the equations-of-motion for the coefficients to:
For the general form of the differential conditions, Eq. (25) , see the literature [9, 10] . We remark that a particular interesting representation (put forward and utilized so far for distinguishable degrees-of-freedom only) of the differential conditions can be made in order to propagate the systems' natural orbitals [73, 74] .
In MCTDHF and MCTDHB the integration of the coefficients' part in time is performed (for unitary time-evolution) by the short iterative Lanczos (SIL) algorithm [75] . We remark on the numerical implementation of Eq. (26) within SIL propagation [62] . For the SIL one needs to operate with powers ofĤ onto the many-particle wave-function and construct the K-dimensional Krylov subspace:
In the language of the Combinadic-based mapping of coefficients and utilizing the recipe of how to operate with operators on the many-particle wave-function discussed above [60] , this construction translates to:
Let us now move to the equations-of-motion for the orbitals {φ k (x, t)}. For this, the expectation value of the many-body HamiltonianĤ (A) with respect to Ψ (A) (t) has to be expressed in a form which allows for variation with respect to the orbitals, namely as an explicit function of the quantities (integrals) h
kspqlr in (4). The result reads:
The expectation values of the density operatorsρ
ksprlq with respect to Ψ (A) (t) (resulting from the expectation value of the Hamiltonian with respect to many-particle wavefunction) are computed following Eq. (15):
where the coefficients Cρ
(t) are given in Eqs. (12, 13) and (14), respectively. We collect the expectation values of the one-body density operators as the
kq (t) . One should remember that the expectation values of two-and three-body density operators can generally not be factorized into products of expectation values of one-body density operators. For instance (and in the language of the Combinadic-based mapping of coef-
. This is unlike the operation of the density operators themselves on the many-particle wave-function utilized above.
We can now perform the variation of S [{C J A (t)} , {φ k (x, t)}] with respect to the orbitals. This variation has been detailed in the literature, see [32, 57] , and we give here the main steps in the derivation of the equations-of-motion as far as they are needed for our needs later on. Making use of the orthonormality relation between the time-dependent orbitals {φ k (x, t)}, we can solve for the Lagrange multipliers, k, j = 1, . . . , M A :
The Lagrange multipliers µ (A) kj (t) can be eliminated from the equations-of-motion which is achieved by the introduction of the projection operator:
When this is done, we find the following equations-of-motion for the orbitals {φ j (x, t)},
are local (for spin-independent interactions), time-dependent one-body potentials, andφ j ≡
Utilizing the differential conditions (25) we can eliminate the projection operatorP
appearing on the left-hand-side of Eq. (31) and arrive at the final result for the equationsof-motion of the orbitals in MCTDHF and MCTDHB (see [10, 57] ), j = 1, . . . , M A :
Summarizing, the coupled sets of equations-of-motion (26) for the expansion coefficients and (33) for the orbitals constitute the MCTDHF and MCTDHB methods, where the one-body density operators (5, 6) are employed as the basic building bricks in their construction and implementation.
We can also propagate the MCTDHF and MCTDHB equations-of-motion (26, 33) in imaginary time and arrive for time-independent Hamiltonians at the corresponding selfconsistent static theories, MCHF [76, 77] and MCHB [56] . Thus, setting t → −it into the coupled sets (23, 31) or into (26, 33) , and translating back from the projection operatorP
to the Lagrange multipliers µ
, the final result reads, k = 1, . . . , M A :
where, making use of the normalization of the many-particle wave-function,
is the eigen-energy of the system. Making use of the fact that the matrix of Lagrange multipliers {µ kj } is a diagonal matrix. All in all, we have formulated in the present section the MCTDHF and MCTDHB equations-of-motion, as well as their static variants MCHF and MCHB, by (i) utilizing in a recursive manner one-body density operators only, and by (ii) employing a priori the Combinadic-based mapping formulation of Ref. [60] to evaluate matrix elements. This sets up the tools to put forward the MCTDH theory for mixtures of three kinds of identical particles in the following Sec. III, and to briefly discuss its structure and properties, and how to implement it.
III. THREE KINDS OF IDENTICAL PARTICLES: MCTDH-FFF, MCTDH-BFF, MCTDH-BBF AND MCTDH-BBB
In the present section we specify the MCTDH theory for mixtures of three kinds of identical particles, interacting with up to three-body forces. Before we get into the details of derivation and flood of equations, we would like to lay out a general scheme or flowchart that one can follow to handle similar or even more complex mixtures. Specifically, we need to assign a different set of time-dependent orthonormal orbitals to each and every species in the mixture. These orbitals are then used to assemble the time-dependent configurations (with determinants' parts for fermions and permanents' parts for bosons). The manyparticle wave-function is thereafter assembled as a linear combination of all time-dependent configurations with time-dependent expansion coefficients. The many-particle Hamiltonian contains different terms: It contains intra-species terms and inter-species terms which consist of two-body, three-body and so on interactions. The main point in the representation of the Hamiltonian is the utilization of one-body density operators. In turn, all intra-species and inter-species interactions can be represented utilizing (products of) one-body density operators only.
The key step in the derivation of the equations-of-motion is the utilization of the Lagrangian formulation [32, 69, 70] of the (Dirac-Frenkel [71, 72] ) time-dependent variational principle with Lagrange multipliers for each species' orbitals, ensuring thereby the orthonormality of the orbitals for all times. In such a way, matrix-elements appear within the formulation explicitly, before the variation with respect to either the expansion coefficients or the orbitals is performed. The equations-of-motion for the expansion coefficients of the multiconfigurational wave-function are obtained by taking the variation of the action functional when it is expressed explicitly in terms of the expansion coefficients. The Combinadic-based mapping [60] lifts the necessity to work with the huge matrix representation of the Hamiltonian with respect to the configurations, and allows one to efficiently perform operations on the vector of expansion coefficients directly. The equations-of-motion for the orbitals are obtained by taking the variation of the action functional when it is expressed explicitly in terms of the (integrals of the) orbitals. When this is performed, expectation values of the various density operators in the Hamiltonian (with respect to the many-particle wavefunction) emerge which can be efficiently computed utilizing the Combinadic-based mapping [60] .
A. Additional ingredients for mixtures
For a mixture of three kinds of identical particles, N A particles of type A, N B particles of type B and N C particles of type C, we need now two additional field operators expanded by different complete sets of time-dependent orbitals:
where the field operator for the A-species particlesΨ A (x) was first introduced and expanded in (2) . Note that each species can have a different spin, hence the explicit three distinct coordinates x, y and z. Field operators of distinct particles (can be chosen to) commute.
Our starting point is the many-body Hamiltonian of the most general 3-species mixture with up to 3-body interactions:
Here,Ĥ (A) ,Ĥ (B) andĤ (C) are the single-species Hamiltonians that can be read of (1). The inter-species two-body interaction parts are given by:
The inter-species three-body interaction parts, resulting from the force between two identical particles and a third distinct particle, are given by:
Finally, the inter-species three-body interaction part, resulting from the force between three different particles is given by:
When all the above are combined, i.e., the field operatorsΨ A (x),Ψ B (y) andΨ B (z) substituted into the various interaction terms, we find the following second-quantized expression for the mixture's Hamiltonian: k ′′ q ′′ . These are the (basic) building bricks of our theory for mixtures. But how to operate with them on many-particle wave-functions of mixtures?
The multiconfigurational ansatz for a mixture of three kinds of identical particles now takes on the from:
where we denote hereafter J = (J A , J B , J C ) for brevity, such that C J (t) ≡ C J A ,J B ,J C (t),
To prescribe the action of operators on the multiconfigurational wave-function of the mixture (41), all we need to know is how the density operators operate on Ψ (ABC) (t) . The operation of the basic, one-body density operators, whetherρ
k ′′ q ′′ can be read of directly from Eqs. (11-19) and we will not repeat them here (one needs just to replace therein J A by J in the overall notation, and M A by M B or M C , when appropriate; also see [60] ). For the inter-species two-body density operators we have:
The notation in (42) is to be understood as follows: The two one-body density operators (in each case) are written as superscripts on the same level, signifying that they commute one with the other; The operation of the two one-body density operators on Ψ (ABC) (t) is to be performed sequentially, i.e., the first operates on Ψ (ABC) (t) and the second operates on the outcome. Finally, for the inter-species three-body density operators we have:
where the operation of the two-body density operators appearing in the superscripts is further decomposed to operations of one-body density operators on Ψ (ABC) (t) analogously to Eq. (14) [see Appendix A], and
Now we are in the position to write the action of operators on the multiconfigurational wave-function of the mixture (41). This is collected for ease of reading and for completeness in Appendix A.
We have gathered most ingredients for the derivation of the equations-of-motion, which is written down in the subsequence section III B. There are four possible mixtures (FermiFermi-Fermi, Bose-Fermi-Fermi, Bose-Bose-Fermi and Bose-Bose-Bose), and the resulting MCTDH-FFF, MCTDH-BFF, MCTDH-BBF and MCTDH-BBB are to be derived and presented in a unified manner, in the spirit it has been done in the single-species case [10, 57] (and the previous section II) and for mixtures of two kinds of identical particles [10, 58] .
B. Equations-of-motion utilizing one-body density operators and Combinadicbased mapping for mixtures
The action functional of the time-dependent many-particle Schrödinger equation takes on the form:
where the time-dependent Lagrange multipliers µ
k ′ j ′ (t) and
k ′′ j ′′ (t) are introduced, respectively, to ensure the orthonormality of the A-, Band C-species orbitals at all times. Note that orbitals of distinct particles need not be orthogonal to each other. As for the single-species theory, the Lagrange multiplier ε (ABC) (t)
is redundant in the time-dependent case and will resurface in the static theory.
In what follows we present the main steps of the derivation. More details and various quantities needed for the derivation and in particular for the implementation of the equations-of-motion are deferred to Appendix B and Appendix C.
To perform the variation of the action functional (45) with respect to the coefficients, we write the expectation value ofĤ (ABC) with respect to Ψ (ABC) (t) in a form which is explicit with respect to the coefficients:
The three time-derivative operators i Performing the variation of S [{C J (t)} , {φ k (x, t)} , {ψ k ′ (y, t)} , {χ k ′′ (z, t)}] with respect to the expansion coefficients C * J (t) , we then make use of the differential conditions for the orbitals of each species,
where the differential conditions with respect to the A-spices orbitals have been introduced in (25) . This leads to the final result for the equations-of-motion for the expansion coefficients:
We remark that other forms of the differential conditions (25, 47) can be used, in particular, each species can have a different form depending on the physical problem at hand and on numerical needs.
Let us move to the equations-of-motion for the orbitals {φ k (x, t)}, {ψ k ′ (y, t)} and {χ k ′′ (z, t)}. For this, we express the expectation value
in a form which explicitly depends on the various integrals with respect to the orbitals. The result is lengthly and posted in Appendix C.
In particular, the expectation values of the various density operators inĤ (ABC) [Eq. (40)] emerge as matrix elements of the different intra-species and inter-species reduced density matrices. For ease of reading and for completeness, we collect in Appendix B all reduced density matrices and their respective matrix elements needed in the theory and its numerical implementation.
We can now proceed and perform the variation of the action functional (45) with respect to the orbitals. Performing the variation with respect to {φ * k (x, t)}, {ψ * k ′ (y, t)} and {χ * k ′′ (z, t)}, making use of the orthonormality relations of each species' orbitals, we solve for the Lagrange multipliers,
The terms appearing in the Lagrange multipliers are all defined in Appendix C. We discuss them below, after we arrive at the final form of the equations-of-motion for the orbitals.
To proceed we introduce the projection operators for the mixture:
where the projection operator for the A-species orbitalsP (A) was defined in (30) . Now, eliminating the Lagrange multipliers (49) and making use of the differential conditions for each species (25, 47) , we obtain the final form of the equations-of-motion of the orbitals of the mixture, j = 1, . . . , M A , j ′ = 1, . . . , M B and j ′′ = 1, . . . , M C :
We see the appealing structure of the equations-of-motion for the orbitals. The various onebody operators which assemble the contributions from different orders of the interactions, corresponding to the one-, two-and three-body parts of the many-particle Hamiltonian H (ABC) (36) , are separated. Moreover, it is seen that each one-body operator is comprised of products of reduced density matrices of increasing order times one-body potentials resulting from interactions of the same order (see Appendix C for the explicit terms). This separation, originally put forward for the first time in this context for the single-species static theory for bosons MCHB [56] , is not only theoretically appealing, but is expected to make the implementation of the theory in case of higher-body forces further efficient.
Equations-of-motion (51) To conclude our work, we note that one can compute with imaginary time propagation for time-independent Hamiltonians self-consistent ground and excited states for 3-species mixtures. Substituting t → −it into the equations-of-motion for the coefficients and orbitals, Eqs. (48, 51) , the final time-independent (static) theory reads,
where, making use of the normalization of the static many-particle wave-function Ψ (ABC) ,
is the eigen-energy of the system. Finally, utilizing the fact that the matrices of Lagrange multipliers {µ k ′′ j ′′ } are diagonal matrices. This concludes our derivations.
IV. BRIEF SUMMARY AND OUTLOOK
In the present work we have specified the MCTDH method for a new complicated system of relevance. We have considered mixtures of three kinds of identical particles interacting via all combinations of two-and three-body forces. We have derived the equations-of-motion for the expansion coefficients, {C J (t)}, and the orbitals, {φ k (x, t)}, {ψ k ′ (y, t)} and {χ k ′′ (z, t)}, see Eqs. (48, 51) . The self-consistent static theory has been derived as well, see Eq. (52).
All quantities needed for the implementation of the theory have been prescribed in details.
On the methodological level, we have represented the coefficients' part of the equations-ofmotion in a compact recursive form in terms of one-body density operators only, ρ
k ′′ q ′′ . The recursion utilizes the recently proposed Combinadic-based mapping for fermionic and bosonic operators in Fock space [60] that has been successfully applied and implemented within the MCTDHB package [62] . Our derivation sheds new light on the representation of the coefficients' part in MCTDHF and MCTDHB without resorting to the matrix elements of the many-body Hamiltonian with respect to the time-dependent configurations, and suggests a recipe for efficient implementation of MCTDH-FFF, MCTDH-BFF, MCTDH-BBF and MCTDH-BBB which is well-suitable for parallel implementation.
As an outlook of the present theory, let us imagine the possibility of conversion between the distinct particles, say the conversion of the A and B species to the C species, which can be written symbolically as the following "reaction":
Such a process would be a model, e.g., for the resonant association of hetero-nuclear ultracold molecules. The derivation of an efficient MCTDH-conversion theory in this case would require the extension of the Combinadic-based mapping [60] to systems with particle conversion, and the assembly of more building bricks than just the one-body density operators used in the present theory, ρ
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O (3mix) can be a one-, two-or three-body operator or any combination thereof.
The operation of single-species operators, whetherÔ (A) ,Ô (B) orÔ (C) can be read of directly from Eqs. (11) (12) (13) (14) (15) (16) (17) (18) (19) ) and we will not repeat them here (one needs just to replace therein J A by J in the overall notation, and M A by M B or M C , when appropriate; also see [60] ).
For the inter-species two-body operators we prescribe the compact result for completeness. For the two-body operatorsÔ
k ′′ q ′′ we find:
Note the factorization of the one-body (basic) density operators for the inter-species operators, which simplify the way how the coefficients' vector is evaluated.
For the inter-species three-body operators resulting from the force between two identical particles and a third distinct one we list the final result for completeness. For the three-body
we find:
We remind that the appearance of the one-body (basic) density operators on two levels means that the lower-level multiplication has to be performed first, and the upper-level second.
Finally, for the inter-species three-body operator we give the closed-form result for completeness. For the three-body operator
which concludes our Combinadic-based [60] representation of the equations-of-motion for the coefficients in MCTDH for mixtures of 3 kinds of identical particles interacting with up to 3-body forces, and the calculations of all relevant matrix elements with respect to
where its matrix elements in the orbital basis ρ Inter-species reduced two-body density matrices
For completeness, we give all inter-species reduced density matrices that occur in a mixture of three kinds of identical particles interacting with up to three-body forces, where each species may have a different spin. There are three such reduced density matrices which are associated with the two-body interactions of two distinct particles.
where its matrix elements in the orbital basis are give by:
where its matrix elements in the orbital basis are given by:
Inter-species reduced three-body density matrices
There are six reduced three-body density matrices which are associated with the threebody interactions of two identical particles with a third distinct one.
are its matrix elements in the orbital basis.
where
are its matrix elements in the orbital basis. 
Finally, there is a single reduced three-body density matrix which is associated with the three-body interaction of three distinct particles. k ′ q ′ (z, t) = ψ * k ′ (y, t)Ŵ (BC) (y, z)ψ q ′ (y, t)dy.
Making the variation of the integrals (C3) with respect to the orbitals, we arrive at fifteen types of inter-species one-body potentials resulting from three-body interactions:
body operators for the A-species' particles:
